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ANALYTICAL DETERMINATION OF COUPLED BENDING~-TORSION
VIBRATIONS OF CANTILEVER BEAMS BY MEANS OF
STATION FUNCTIONS

By Alexander Mendelson and Selwyn Gendler

SUMMARY

A method based. on the concept of Station Functions is pre-
gented for calculating the modes and the frequencies of nonuniform
cantilever beams vibrating in torsion, bending, and coupled
bending-torsion motion., The method combines some of the advan-
tages of the Rayleigh-Ritz and Stodola methodis, in that & con-
tinuous loeding function for the beam is used, with the advantages
of the influence-coefficient method, in that the continuous load-
ing function 1s obtalned in terms of the dlsplacements at a finite
number of stations along the beam.

The Statlon Functions were derived for a number of stations
ranging from one to elght. The deflectlions wers obtained Iin terms.
of the physical properties of the beam and Station Numbers, which
are general in nabture and which have been tabulated for easy refer-
ence. Examples were worked out in detall; comparisons were made
wilth exact theoretical results. For a umiform cantilever beam, for
n stations along the beam, the first n-1 modes and frequencies wers
in excellent agreement with the theoretically exact values. It was
shown that the effect of coupling between bending and torsion is to
reduce the first natural frequency to a value below that which it would
have 1f there were no coupling.

INTRCDUCTION

The failure of turbine and compressor blaedes due to vibratlons
has Jed to an increased l1lnterest 1in the study of the vibrations of
these blades and in the determination of the natursal modes and fre-
quencies. In such theoretical studies, 1t is usunally assumed that
the compressor or burbine blade acts as a cantilever beam. The
calculation of the uncoupled modes of arbitrarily shaped cantilever
beams has been extensively investigated (references 1 to 4), dbub
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little work has as yet been done on calculating the coupled modes
of such beams, If the gsometry of the beam ls such that coupling
exists, the coupled modes are the actual vibrational modes that
must be calculated.

Four general methods are currently ln use for calculabing
uncoupled modes and frequencies of nonuniform heams. These methods
are the Rayleigh-Ritz or energy method (reference 1), the Stodola
method (references 5 and 6), the influence-coefficient method (refer-
ences 4 asnd 7), and the integral-equation method (references 8
and 8). For each of these methods, computational work can usually
be carried out in several ways. For example, by the use of influ-
ence coefficlents the modes and frequenclies can be determined by
Mykelstad's iteratlion procedure (reference 7) or by matrix
methods (reference 4).

Any one of these methods can be extended to the calculatlon
of coupled bending-torsion modes. The Rayleigh~-Ritz method usually
requires that the uncoupled modes be determined bhefore the coupled
modes cen be computed. In applying either the Raylelgh-Ritz or
the Stodola method, great difficulty is encountered in accurately
determining the hlgher modes, because the lower modes must first
be "swept out" by the use of exact orthogonality conditions (refer-
ence 10); the process will otherwise alwaye converge back to the
lowest mode. The same difficulties are encountered in the integral-
equation method.

The influence=-coefficient method avolds these diffioculties Dby
reducing the problem to one having a finite mumber of degrees of
freedom. The beam is divided Into n Iintervals and a concentrated
loading is assumed at the center of gravity of each interval. The
solutlon of the resultant determinantal equatlion gives the first
n modes. The accuracy of the higher modes 1s, however, very poor.
Only the first third of the modes and the first half of the fre~
‘quencies are obtalned within the usual englineering accuracy.
Carrying along so meny useless modea greatly lncreasea the labor
involved. :

A stralghtforward, accurate method for determining the coupled
bending-torsion modes and the frequencles of nomuniform cantilever
beams, together wilth applications of this method, was developed at
the NACA Lewils leboratory and is presented herein. This method 1s
based on the use of Station Functions as first disocussed in refer-
ence 11, Incorporated in the method are the advanteges of the
continuous-function deflections of the Rayleigh-Ritz and Stodola
methods together with the advantages of the finite number of

9921
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degrees of freedom of the influence-coefficlent method. When the
method 1is applied to a uniform beam, the first n~1 roots of the
regultant determinantal equation are amply accurate for englneer-

ing purposes.

The final determinantal eguatlion is solved herein by mabtrix-
iteration methods. Any other convenient method maey, however, be
used and no knowledge of matrix algebra is needed to carry out the
calculations by the matrix method. The work can be done by an
inexperlenced computer, as the only operations necessary for
determining each mode are cumulative multiplication and division,
In eddition, for the case in which the coupling coefficient remains
constant along the beam, a simple gunadratic formula and a series of
curves are presented for determining the first coupled mode in
terms of the uncoupled modes. Examples are developed in detail
and comparlsons with exact theoretical results are included.

THECRY

In the uwsual influence-coefficient methods for solving dynam-
ical problems, a continuous body having an infinite number of
degrees of freedom 1s replaced by a body having a finite number of
degrees of freedom. Two principal assumptions are then made, which
Introduce inaccuracies into the solutions, particularly in the
higher modes: (1) The resultant of the inertia loads of all the
Infinitesimal masses in a finite interval passes through the center
of gravity of that interval; and (2) a concentrated load that is
the resultent of a distributed load produces the same deflection
es the distributed load. An attempt has been made to reduce the
error due to the second of these assumptions by the use of weight-
ing metrices (reference 12). Although the accuracy is thereby
Increased, the effect of the first assumption is still great enough
to introduce serious errors (reference 11).

In order to eliminate these assumptions, Rauscher (refer-
ence 11) introduced the concept of Station Functions. Insteasd of
agsuming the inertie loads to be concentrated at the centers of
gravity of the intervals, the inertis loads and, consequently, the
deflections are assumed to be continuous functions along the beam.
The values of these continuous deflection functions at the refer-
ence stations must equal the deflectlons of the reference stations.
The loading on the beam is therefore & continuous function of the
deflections of the reference stations. Inasmuch as the deflections
of the reference stations can be computed from the loading on the
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beam, which in turn is available from the deflections, the deflec-

tions are therefore obtelned as functions of themselvea. This pro- r
cedure gives n homogenous equations in the n deflections of the

reference stetions. The resultant determinantal equatlon has

n roots for the freguency; it will be shown that at least n-1 of

these roots are sufficiently accurate for engineering purposes 1f

the deflectlion functions are properly chosen. (For coupled bending-

torsion vibrations, 2n homogeneous equations and 2n roots are,

obtained for n stations.)

9921

The deflection functions used must satisfy the boundary con~
ditions of the problem and also the condition that, at any refer-
ence station, the value of the function must equel the deflection
of the reference station. Although 1t 1s always possible to find
directly a single function that will satlsfy these conditions, it
is more convenient to obtain different component functions at each
station and to sdd all these component functions together to glve
the complete deflection function. Rauscher (reference 11) calls
these component deflection functions Station Functions. For
example, the .complete torsional deflectlion function for the beam
will have the following form:

G(Z) = t fJ(Z) GJ
J=1

where

z dimenaionless distance along beam

6(z) toraional deflection at distance 2z <from root
0y torsional deflection at the J*B station

fJ(z) Station Funotion in torslion assocliated with the Jth
station (All symbols sre defined in appendix A.)

FEach Station Function must satlsfy the boundary conditions of
the problem and the following additionsl conditions: (1) At the
reference station with which it is assoclated, the Statlon Function
equals the deflection of that reference stetion; and (2) at all
other reference stations, the Statlon Function equals zero. The
sum of all these Statlion Functions will then give the complete
deflection function for the heam. The Station Functlons and cor-
responding loading functions are derived in appendix B for tor- -
sional vibrations, bending vibrations, and coupled bending-torsion
vibrations of an arbitrary cantilever bean.
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Torsional vibrations. - It is shown In appendix B that the
torslonal deflections of the reference stations for a beam divided
Into n intervals of length &, as shown in figure 1, are given
by the following system of equations:

I
2g2 0
6y = W8S —

a e (1)
Co =1 1373

where
ay4 Eg L Ex Ny = (k-1) Ty My + Zn'l I, Mjl] (2)
Cx T=K+1
iand J=21,2, . . .n
)] fregquency of vibration
8 length of interval

Ip mass moment of inertia per unit length about elestic axis at
root sectlon

Ix ratlio of average mess moment of inertia per unit length of
k8 interval to mass moment of inertia por unit length at

root sectlon
Co torslonal stiffness of the root section

Cx ratio of average torsional stiffness of k®®  interval to
torgional stiffness at root section

The Station Numbers N4 and M4, are functions only of the
integers k, J, and n and are defined as

Mk )
Ny = Jk-l zfj(z)d.fz k
Nk _ (3)
M= f£.(z)dz
J \Jk-l J Y,

where fi(z) represents the Stetion Functions derived in a.ppénd.ix B
and is ven by
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2 (n+l) (4)

fJ(Z) = 8‘13 z 4+ 82‘1 Z

+ o o +a(n+l)J z

The coefficlents ag are determined in appendix B by satis-
fylng the conditions on the Station Functions. The integrals in
equations (3) are thus seen to be integrals of simple polynomlals
and the limits of iIntegration are integers. The Station Numn-
bers Njkx end. Mjx are therefore rational numbers, functions only
of the int'egers n, k, eard J. These numbers have been evaluated and
and are listed in tables I to VIII.

If the physical properties of the beam under consideration are
known for each of the n intervals, Cp, and I} will be known.
The Station Numbers Nyx and Mjx ocan be obtalned from tebles I
to VIII. From equation (2), ay J can then be easily calculated.

Equation (1) actually represents n_ homogeneous equations in
the n unknown deflections 64. With .:'.:§ L0 = , these equa-

tions can be written as follows: 2 Igb%
(a.ll-%) 8) + a0, + 030z + . o o 40y 6 =0
apy 81 + (app=A) 63 + apzbz + o o . + @6, = O
Uyy 8 + Oy 62+(a.33-7\) By + o « o + a6 =0 (5)

Qn16q + App B2 +0pz O + o o o + (app-A) 6, = 0

For a nontrivial solution, the determinant of the coefficients must
vanish and the cheracteristic equation becomes

O.ll"')\ C!,lz Gls e e » G:ln
G2l  O2p7A G23 . . . Gpp

Ozy  Ozp  Ozz=A ... gy =0 (6)

992T
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or

a2 - g |- 0 - (ee)

where I 1s the ldentity maetrix, and [x3j] 1s the dynamical
mebrix.

Eq_ua:tion (8) ocan be solved for the n values of A by any
method available. The method used herelin was to obtain the values
of A as the latent roots of the matrix [«3is], which is actiwally

the dynemical matrix for the problem. The e shapes are obtained
at the same time.

Bending vibratlons. - The bending deflections for the beam

shown in figure 1 are given by the followlng system of equetions
(see appendix B):

wherse

1 %
BiJE Z_ L (mk(iPer_Qt Jk) + £eh ., {(1-k+%—_)Nl Ir +

¥=1 Bk
Ko-(k-1)3  (2k-1)1}
l: (3) _ 2)]M r}) (8)

i and. J = 1,2, e s o 10
m, mass per unlt length of beam at root section

my ratlo of average mass per unit length of k®®  interval to
mass per unit length at root sectlon

Bg  Tbending stiffness at root section

By ratio of average bending stiffness of kI interval to bend-
ing etiffness at root sectlon
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The Station Numbers Mg, N Jks P',jk’ and Q',jk are
functions only of the iIntegers k, J, and n and are defined by

' = 2 1 -_ 2

e J [ g

wa [%; - %(k-l)2 z + %(k-l)%] sJ(Z)dz
-1 : . . h :

\[1k

Q' Jk
(9)

=
C»
3

I

g:(z)dz
1 J

k
N',, = j z gs(z)dz
Jk el J

The Station Functions gJ( z) are derived in appendix B and are
glven by

2 2 (0+3)

3 4
gd(z)nszz +b33z +b4dz + 4 e '+b(n+3),j

(10)

The integrals in equations (9) are thus seen to be integrals of
gimple polynomlals. The Station Numbere M sk, Nk, Pk

and Q' Jx eare rational numbers, functions only of the integers J,
k, and n. These numbers have been evalueted end are listed in
tables I to VIII.

If the physical properties of the beam are known for each of
the n intervals, my and By will be known. The Station Num-
bers M'sy, N'jx, P'gyx, end Q'se are obtained from tables I
to VIII; B33 can then easily be calculated by equation (8).

The determinantal equation is

99¢1
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Bi1A Biz Biz « « « Bin
N"\
Bo1 Bpo=A Bz < « « Bop
Bzy Bzz Bzz-A « « . Bzp =0 (11)
“g . . Ll * [ ] o [ ] . » * * L ] Ll . -
pa Br1  Pnz  Pns . - 'Bnn-k
or
‘AI- @iﬂlgo (11a)
where
B
A =0 1
m054 mz

The dynamical matrix is By -

Coupled bending-torsion vibration. - The torsibnal and bending
deflections due to coupled bending-torsion vibrations of a canti-
lever beam are given by (see appendix B):

n
91 = (02 m—g 842 Pmijed + el 7iJ Z‘—-l)
0

Bo F=1
(12)
ro Bg J=1 Ty
where
€ = roz
1 Ip Bo

w
|
|
|
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rq absolute magnitude of projection of distance from elastic axis

to center of gravity or perpendicular to bending direction
for root section

»

Tgo radlus of gyration about elastic axis at root section

Equations (2) and (8) define ayy and Bij- The guanti-
ties 71 3 and 513 ere given by

71J Eél % ljsk N'_Jk - (k-l) Sk M'Jk + E : Sr M'd%

r=k4l

9921

: 3
B1y = % 5%-(- S (1P gie-Qgic) + > Sy {1-“%-)_“,5:- -[ks‘(];'ll - (Zkgl)i}MJx}

r=k+1

(13)
where

[, 2
- (k- 1(x-1)2 .
PJk = j:i % (k-1)z + g(k l)J rd(§)dz _

tojt=

k -
23 2 3
QU = ‘}::-1 _-26'—- - =(k-1l) z + %(k-l):\ fJ(z)dz

Sx 18 the ratio of average static mass unbalance of
Kth interval to static mass unbalance at the root sectlon.

The Station Numbers PJ]: and Q,jk are listed in tables I

to VIII with the other Station Rumbers. The determinantal equa-~
tion becomes
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I‘all-}\ I"cr.lz « s o I’u.ln € P711 € P712 € P’)’ln

m
3
n
=]

Pagy Tagg=A . . . Tag, €Typyelyyy

re, To, ...Tq -Nely €Ty ... ely

nn
=0
837 82 .. B By Biz ... Bin
8217 82 . - . 82 Bai Baz=A « .+  B2n
81 Bpz - -+ 8m Bp1 Bpz o + « Bpp-)
(14)
or
IAI '[ni'j:l = 0 (142)

where {:ni.j] is the dynemical matrix and I is the ldentity mabrix.

The first n roots of equetion (14) will give the first
n ooupled frequencies.

APPLTCATTONS AND RESULTS

. In appiying the previously discussed method, it is necessary
to determine for a given beam the elements ay 3o Bi3ys 7135 and
54 3 of the dynamicel matrices. These gquantities will depend on
the physical properties of the beam and on the number of stations
chosen. If the physical properties of the beem are known, the guan-
tities xi4s . Biys Y13s and 51;} can be directly calculated from
equations (2), (8), and (13). The numbers Myks Nyks Pais  Qks
M'Jk: Nt 3k P',jk: and Q'Jk appearing in these equations depend
on the number of stations n that are used and cen be read directly
from tables I to VIII for any glven mumber of stations up to eight.
Once these quantities have been calculated, equations (6), (11), or
(14) can be solved for the frequencles by any method desired. The
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nmatrix~iteration method used herein ls simple and rapid and
requires no particular computing skill. As will be indicated,
however, the accuracy of equations (6), (11), and (14) is such
that relatively few stations need be used, in which case 1t may
be convenlent to expand the determinants and to solve the result-
ant low-order algebralc equatlion.

In order to illustrate the accuracy, this method was applied
to torslonal vibrations, bending vibrations, and coupled vibra-
tions of a uniform cantlilever beam. The exact theoretlcal values
for torsionsl vibrations and bending vibrations of uniform canti-
levers are well known., The exact theorstical values for the coupled
bending-torsion vibration of 2 uniform beam were calculated (ap-
pendix D). A comparison was then made between the values obtained
by the method presented and the exact theoretical values., The
number of stations used was 1, 2, and 3 (n = 1, n = 2, and n = 3),
The comparisons are summarlized in table IX,

Torsional vibration. - For the case of a uniform beamn,
C, = I, = 1 and equation (2) becomes

p n
@y g =ngl [NJk - (k-1) My + r=§ o MJI] (15)

The values of Ny ond Msx are glven in tables I to VIII.
The table Lo be used depends on the choice of the number of
statlons.

Let n=1
ayy = Ny
From table I, Np; = 5/12

and
01 = = 12 L0 26,
1z ° G

or

9921
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c c
w2 =l,5§—-°7= 2.400'-—0—2
Iol 1
C
W= 1.549 42
Ig12

The exact theoretical value for the first torsional frequency is

Co
W= 1.571 §—
Tot?

The error is -~l.4 percent when only one stetion 1s used.

The mode shape obtained by the method of Statlion Functions
agrees well with the theoretical mode shape, as 1s shown In flg-
ure 2(a).

Iet n = 2, then by equation (15) and table II

3,25

N.q + M
1l 12 " 15 " 12 80

*11

- 31,29, 57
240 48 120

Q1o = Npj + Mps

8 ., 8 _18
1= +Me2=gE5+E =15

31 239 13
=N.. + N = = =%, 28 _ 13
22 240 " 240 T 15

Lop

21

The determinantel eguation then becomes

57" 57
g " A 120

= 0
16 5 _ 5

15 15
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which gives

Ay = 1.6214

Therefore

The exact theoretical wvalues are

(.01 = 1.571

NACA TN 2185

The percentage error of the first two modes, for only two sta-

tlons, is found to be O and -4 percent.

The mode shapes are shown in figures 2(d) and 2(c).

Agree-

ment of the first mode with the exact theoretical shape 1s excel~

lent; the second mode agrees fairly well.

Let n = 3, then by equetion (15) and table III

Goo = Noo + M._ + M. = 0,945833

11l 11 12 13

Xyp = Nél + Moo + Moz = 0.958333
., = Nsl + M32 + M$3 = 0.520834

Gpq = Nll + le + ZMlS = 1.,033333

ngti
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Qpz = NSl + N32 + 2M33 = 1,011113

= Nll + le + le = 1.012500

Uz N31 + st + N35 = 1.387501

The determinantal equation is

0.945833~-) 0.958333 0.520834
1.033333 1.883333-\ 1.011113 = O
1.012500 2.025000 1.387501~A

The solutlons are

?\1 = 3.6474
)\2 = 0.4093

Az = 0.1599

Therefore



16 ' NACA TN 2185

The exact theoretical valunes are

®; = 1.571 .392_
Iol

wy = 4.712 |2

= - e

W3 = 7.854  Co_
112

The percentage errors of the first three modes, calculated by use
of three stations, are found %o be 0, -0.5, and ~4.5 percent,
respectively.

The mode shapes are shown in figures 2(d) to 2(f). The first
two modes agree very well with the theoretical shapes; agroement of
the third mode 1s fair,

This procedure can be carried out as shown for any number of
stations desired.

Bending vibrations. - For a uniform beam, By = my = 1 and
equation (8) becomes

i
' 1 r - l
JTRD {ﬁ’ gt [, +

P=kK+1

3 3
(k (1; 1)° @kz 1) 1) M',jz;!} (16)

Let n=1

S Byy =Pl - Qg
and from table I

_ 71 _ 31 _ 59
P11 = 535 ~ Toos = 720

9921
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Therefore, from egquation (7)
©= 3.493 4 [ B0
moz

The exact theoretical value is

B
w= 3.5164 /-0 .
mgr®

The percentage error for Just one station i1s found to be
-0.65 percent.

The mode shape is shown in figure 3(a) and is seen to agree
very well with the theoretically exacht shaps.

Let n = 2; then by equation (16) and table IT

Bay = Blyq - Q'pq + %N'lz - BM',, = 0.422745
1 1
BJ_Z = P'Zl - Q"Zl +_2_N!22 -EM'ZZ = 0.295925
2
-5M', = 1.145167

3
Bap = 2P'yq + 2P'y5 - QMg - Q'pp +5N" 5
3

522 = 2.?'21 + 21"22 - Q’Zl - Q'zz +§-N’22 -32-1{'32 = 0.905530

The characteristic equation is

0.422745=-\ 0.295925
= 0
1,145167 0.905530~-A

The roots are
Aj = 1.2943

Ag = 0.0339

. Bo
s (Dl = 3,516
mQZ4

wo = 21.71 —{Z



The exact theoretlcal values are

/By
mgi®

B
mz-za. ——9-5
nyl

wj = 3,518

The percentage error for two stations 1s therefore found to he O for the first mode
and -1.5 percent for the sscond mods. The mode shapes are plotted in figures 3(b)

am 3(c).

The firast mode agrees excellemtly with the theoretically exaot shape; the

gecond mode agrees falrly well.

Let n = 3, then by equation (16) ani table ITI

P12

Bae

Bz3

1 1 1
= Pfll - q’u +_2.N'12 +§N'15 -E‘M'lz —'Blutl3 = 0.2706804 ,

1 1 1 . '
=Pl - Qlpy + %”'zz $ 5N pp = EMI L, = EMY oy = 1,009943

1 1 1 1
™ Pl51 - Q'31 +~2-N'32 +2—H035 -5 t32 _E'H:ss = 0.487441

- 2P R Q1 Y I o2 By e = 2.648170

21"21121"22'“'21""zaTg“'zz'fa"zs'%Wza'?f'za = 3.266250
|

= 21"51*&?'52"1'314'521%5'32"2“'33—2'0"52—;’!&‘53 = 1.669891

Ty L
= BB IOR SR 1! 130! 1R g AN M 1~ 15 = 0.985155

= 31)'211-31"22+5P'33-Q'21-Q'234'23@5'22141"25%922%.‘"'23 = 5.822852

Tur_ L
= 51”51+SP'52*31"53""51'9'324'33%"’32*‘“'33}"'52‘3‘5"55 = 3.204301

¥ Y 8921

SETZ NI VOVN
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The characteristic eguatlon is

0.270604 =\ 1.009943 0.487441
0.648170 3.266250~) 1.689891 = O
0.985135 5.822852 3,204301-A

The roots are

1266

Ao = 0,1867
Az = 0.0223

Therefore

The exact values are

e

(]

fl

(¢ ]

(4]

)

(o]
-~
ﬁ

B
05 = 22.04 A2
ng61

B

© 5 = 61.704 =2
z

mal

The percentage error for three stations 1s found to be 0, O, and

-2.4 percent, respectively. The modes are plotted in figures 3(a)

to 3(f). The first two modes are seen to agree very well with the
. theoretical mode shape; agreement of the third mode is fair.
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Coupled bending-torsion vibrations. - A uniform beam wilth

the following constants was chosen:

The veluea of

a,iJ

th _
b4 =03-_;§- = 38.56

€

r

el

are cobtained as proviously and are

the same as given before for n =1, n=2, and n = 3. Also,
because Sy = By = Cp = my = I = 1, equation (13) becomes

gy =T

kel

n

1Py = Qa3 + ;
Jk Jk rek+l

' 3
[(1-1:-»%) Nyp +<k5-(§-1) - 21;2:-1 1>MJI.

Let n = 1, +then the determinant is

I‘ct.ll- A

831

The roota are

eI"rll

B 11"7\

0.002156=A 0.001196
= 0

0.111111 0.081944 -\

= 0.0837

0.0005

A\

992T
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The procedure for calculating the exact theoretical values is
derived in appendix D. The exact values are

Bo
myl

®gp = 20.6 '_OZ
mgl

27}

Bo
Wy = 49.1N——-z
myl

The percentage error for the first mode, calculated by use of one
station, is -0.9 percent. .

Let n = 2, then the determinant is

Pajp-n Tag, €Pryy €Ty
I - r T
Tog, wpo= N €17y € 7%
= 0
811 812 Biz=A Biz
821 822 B21 Bag=A

Substituting the known values and solving for A gives for the
Pirgt two roots ,

AL = 1.3197

Ao = 0.0412
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and the freguencies become

B
®wy = 3.48| -0

mo1*
B
Wg = 19,74
mGl
s
The percentage errors for two statlons are: o
=0,3 percent for the flrst mode
-4,4 percent for the second mode
Thilis procedure can be carried out for any number of stations
desired. TFor three statlons, the frequencies obitalned are
B
0
w 1= 3.48 —_Z
mo g
Bo i -
W o = 20.6 —T
msl

e

Bo
w3 = 48.2 __Z
mol

The percentage errors ere
~0.3 percent for the first mode
0 percent for the second mode
~1.8 percent for the third mode

The results obtalned by the method presented are seen to agree
vory well with the exact theoretical velues.
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These results are summarlzed in table IX, where a comparison
is also made with the results obtained for uncoupled bending and
torsionel vibrations by use of influence coefficlents with welghted
matrices (reference 12). The values using weighted matrices were
taken from table I of reference 12. It can be seen that for a
given number of stations, the results obtalned by the method pre-
sented herein are conslderably better than those obtained by using
influence coefficients wilth welghted matrices. 1In general, 1t is
indicated that for a uniform cantlilever beam using n stations
along the beams, the first =n - 1 frequencles and modes are in th
excellent agreement with exact theoretical values and even the n
mode 1s given within the accuracy with which the physical properties
of the material are known, For a tapered beam, more stations may
be required, depending on the amount of taper. The number of statlons
requlred to glve satisfactory accuracy 1is listed Iin table X. A com-
perison ls also made by using welghted influence coeffilcients; the
values are taken from table II of reference 12,

The first vibrational frequency is also given approximately
by equation (C2) appendix C) when coupling exists between bending
and torsion; 1t 1is plotted in figure 4. In order to check these
curves, the exact solution was obtained (appendix D) for the ratio

((O_b /Qt’b)2 equal to 4 and was plotted on the same figure. The val-

ues given by equation (C2) are seen to be in excellent agreement
with the theoretically exact values,

The effect of the coupling between bending and torsion is to
reduce the first natural frequency below that which would exist iIf
there were no coupling. This effect 1s shown in figure 4, wherein
the value of {1l is always less than 1. This decrease in the first
natural frequency dus to coupling is, however, relatlvely wnimportant

in the practical range of '(wtﬁﬂb)2>4 and €< 0.75.

SUMMARY OF RESULTS

A method bagsed on the use of Station Functions is presented
for calculating uncoupled and coupled bending-torsion modes and
frequencies of arbitrary continuous cantllever beams. The results
of calculations made by this method indicated that by the use of
Station Functions derived hereln, at least n' - 1 modes and fre-
quencies can be obtained accurately by using Just n statlons
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along the beam if the beam is uniform. For a tapered beam, more
stations may be required, depending on the amount of taper. The
amount of computational labor is markedly less than for other
methods., The use of Statlon Numbers tabulated herein further re-
Guces the amount of calculation necessary. It 1s shown that the
effect of coupling between bending and torsion i1s to reduce the

first natural frequency to a value below that which 1t would have
if there were no coupling.

Lewlis Flight Propulsion Laboratory,
National Advisory Commlttee for Aeronautics,
Cleveland, Ohlo. October 18, 1949.

. nQ9T
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APPENDIX A

SYMBOLS

The followlng symbols are used in this report:

aij coeffilclent in equation for Station Function
in torsion

B bendling stiffness of beam, functlon of =z

Bg bending stiffness at root section of beenm

By ratio of average bending stiffness of

k2  interval to bending stiffness of
root sectlon

biJ coefficient in equation for Station Function
in bending

c torsional stiffness of beam, function of =z

Co torsional stiffness of root section of beam

Cix ratio of average torsional stiffness of

kth interval to torsional gtiffness at
root sectlon

Cys G2, C3 constants defined in appsndix B

fj(z) Station Function in torsion for Jth sta~
tion (defined in text)

gJ(z) © Station Function in bending for J'B gta-
tion (defined in text)

I mess moment of Ilnertia per unit length of
beam asbout elastic axis, function of 1z,
except where otherwise defined

Io mess moment of Inertia per unit length of
beam sbout elastic axis at root section
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1,J,k,n_
Jdyk,r
1

Maks Njk: ij: )
M'sis Wgks PPk Q' gk

n
mg

e

Qb(z)

Qt(z)

g0

To

NACA TN 2185

ratio of average mess moment of inertia
per unit length of k“B interval to mass -
moment of inertla per unit length at rcot
section

station indices

summation indices

9971

length of beam

Station Numbers (defined in text); function
of indices J, Xk, amd n

mess per unlt length of beam, function of =z
mass per unlt length of beam at root sectlion

ratio of average mags per unit length of
k8  interval to mass per unit length at
root gsectlon

number of gtations along beam
bending loading function on heam .
torsional loading function on beam
absolute magnitude of projection of distance

from elastic axls to center of gravity on

perpendicular to bendling direction

radius of gyratlon about elastic axls at
root section

absolute magnitude of projsction of dis-
tance from elestlic axls to center of
greavity on perpendicular to bending
dlrection for root section

static mass unbalance, function of 2z, mr

static mass unbalance at root section, mgrg
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Sy

T4

Z

@140 B1go 7130
513’ Tli'j

27

ratio of average static mass unbalance at
k section to static mags unbalance at
root section

distance from root of beam, except where
otherwise defined

bending deflectlion, functlion of =z
bending deflection at 12 station
dimensionless distance along beam, x/8

elements of dynamicel matrix defined in

text
1 103
82 Co o

uncoupled freguency ratio «ntﬁmb)g

length of interval along beam bhetween two
stations

coupling coefficient (ro/rgo)2

torsional deflection, function of 1z

torslonal deflection at ith station

root of frequency equation or cheracter-
istlc root of dynamical matrix

frequency ratio &nﬂnb)z
frequency of vibration

frequency of uncoupled fundamental bending
mode

frequency of uncoupled fundamental torsionsl
mode

second derivative of deflection with respect
to time
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APFENDIX B

STATTON FUNCTIONS AND DETERMINANTAL EQUATIONS
Torsional Vibrations

A schematic diagram of & cantilever beam divided into n inter-
vals of length 8 18 shown 1n figure 1. The Station Functions for
the torsionel vibretions of such & beam must satisfy the follow-
ing conditions:

at
z=0  £y(0) =0 (81)
Z=n £'4(n) = 0 (B2)
z =1 £3(1) = 1 (B3)
2w 3 £,(3) =0 i (34)

vhere f'(z) denotes the derivative with respect to =z.

Equetions (Bl) and (B2) represent the boundary conditlons that
must be satlsfled by a cantilever beam vibrating In torsion; equa-
tions (B3) and (B4) represent the further conditions imposed upon’
the Station Functions., These conditions will be satisfled by &
funoction of the type

z + &, z8 iz(n“'l) (BS)

fl(z) =&, VLA JPEREPEE a(n+l)

where the coefficlents ay3 must satisfy the following simul-
tangous equations obtained“from conditions (B2), (B3),and (B4):

0 = ay4 + 2nag; + 3n2551 + o o o + (n+l)nP &(n+l)1 (B22)
1= taq4 + :129.2._L + isasi + o o o+ 1(n+1) a(n+1)1 (B3a)
0= Jay, + Pagy + Pagy + . oo+ 3B ) a0 0y gh

(B4a)

9921
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The coefficients ay.; can be obtained by solving equations (B2a)

to (B4e) and the functions f.(z) determined for each station.
Equation (BS), however, can a.iso' be written in the following form:

IT
(2-3) 2(z=07)
£4(z) = iﬁf - (85a)
31 (1-3) 1(1-01)

where represents the product for all values of J except

J = 1. The function 1n equation (BSa) obviously satisfies condi-
tions (Bl), (B3), and (B4), because it has zeros at all points
specified by equation (B4), it equels 1 at the point specified by
equation (B3), and it equals zero at the point specified by equa-
tion (Bl). 1In order to satisfy condition (B2), the constant ¢y
is determined by substitution of equation (BSa) into equation (B2).

II

¢y =n for 1fn

¢y =n 1+ for i =n

S S
1+ Z %

3fn

Equation (BS5) can be obtained from eguation (B5a) by cerrying
out the indicated multiplicetions. The complete deflection Punction
is then given by

6(z) = £1(2)61 + £2(2)05 + . . . + £p(z)6,
a (Bs)

= ,j; 3‘.‘3(2)6'j

The continuous loading function g4(2z) cen now be written as

%, (2) = TWPo(a) = 2 31 £5()6; (57)

A continuous loading functlon, which 1s a function of the
deflections at the reference statlions, has thus been obtained.
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Bending Vibrations

The Station Functions for the bending vibrations of the besam
shown in figure 1 must satliefy the following conditions:

at z = 0 g1(0) = 0 (B8)
z =0 g'4(0) = 0 (B9)
zZ=n g''y(n) =0 (B10)
Z =n g''y(n) =0 (B11)
z =1 gr(1) =1 . (B12)
Z=J g1(3) =0 H1 (B13)

where g'(z), g''(z), and g'''(z) denote the first, second, and
third derivative, respectively, of g(z) with respect to z.

Equations (B8) to (Bll) represent the boundary conditions that
must be satisfled by a cantilever beam vibrating In bending and
equations (Bl2) end (B13) represent the additional conditions
imposed upon the Station Functions. }

These conditions will be satisfled by functions.of the type

- 2 3 - (n+3)
gi(z) bpy2® + by,2” + . . L F b( z (B14)

3 n+3)1

where the coefficients hij must satisfy the following equations
obtained from conditions (B10) to (B13):

- (n+1)
O = 2bpy + 60 bygy + . .+ & e o o« + (n+3)(n+2)n b(n+3)i
(Bloa)
= . . 1
o} sb31 + 24nb41 + . + (n+3) (n+2) (n+l)n b(nﬁ)i (Blla)
2 3 (n+3)

0= g2 b,y + 35D, + . . .4 3(n+3) lnz)y I (B13a)

9921



1266

NACA TN 2185

The coefficients can therefore he obtained from equations (Bl0a)
to (Bl3a) and the functions gj(z) determined for each station 1.
Equation (B1l4) can, however, be written in the following form:

IT 2¢,2
(z=3) z°(z%+c, z4C,)
AL 2 S (Bl4a)

1 (1-0) 1% (2Pscpt403)

Si(z) =

where Ii represents the product for all values of J except

J = 1. The function in equation (Bl4a) obviously satisfies con-
ditions (B8), (B9), (Bi2), and (B1l3), because 1t has zeros at all
points specified by conditions (B8), (B9), and (Bl3) and equals 1
at the point specified by equation (Bl2). In order to satisfy
conditions (B10) and (B1l), the constants c¢5 and’ cz are deter-
mined by substitution of equation (Bl4a) into equations (B1lO)

and (Bll). The general forms for ¢, &and cz are, however, com-
Pplicated and 1% is easler to obtaln the numerical values of these
constants for each specific case. Equation (Bl4) can then be
obtained from equation (Bl4a) by carrying out the indicated multi-
Plications. The complete deflection function is then glven by

y(z) = Zn:l sj(Z) 75 (B15)

The contlnuous bending loading function qb(z) can now be written
as

a(z) = mfy(z) = mef ;Z:l gy,  (818)

Coﬁpled Bending-Torsion Vibrations

The Station FPunctions for the coupled bending torsion vibra-
tlons are the same as previously given for the bending vibrations
and the torsion vibrations. The loading functions, however, are
given as follows (see reference 7):

qt(z) = Iu?e(z) + Su? f(z)

- o %;;_[;fj(z)ei + sg5(2) 7, (B17)
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g (2) = 5cfo(z) + mof y(z)

n

=w? % [Sfj(z)ej + mgj(z) yj] (B18)

Determinantal Eguations and Dynemical Matrices

Once the Station Functions and the correspondlng loading
functions have been determined, the deflections at the reference
gtations can be obtalned in terms of the loeding functlion. A
homogeneous equation in the reference-station deflections for each
station is thereby obtained. The determinent of the coefficlents
of the resultant set of homogeneous equations can be. set equal
to zero; the determinantal freguency equation is thus derived.

The deflections at the refersnce stations are obtalned by the well-
known equaetions for obtaining influence coefficlents.

Torasion. - The deflection at the statlon 1 due to the con-~
tinuous loading gi(z) on the beam 1s given by

z no i
dz : az
0 = 5° qt(z)LJ“ —Laz+ Szqu qt(z)‘Jq —1az (B19)
0 o C i o C

If C is esssumed to have a constant value for each interval,
then these integrals mey be writiten as the sum of integrals over
each section. Eguation (B19) then becomes

k

} k
2
6y = -g—o-i 3 j z q(z) dz + L-l (1-k) q4(z) d.'z +

=1 Ck Uk

n
L[‘ Q¢ (z) az (B20)
k

By substlituting the relation

qy(z) =0 T ; £,(2) @,

9921



1266

NACA TN 2185 33

end by assuming & constant value for I for each Intervel and
chenging the summatlon order '

k

X
22 Ip < (<t 1 |
0, =08 =2 2 .5 |T¥ - z£,(2)az - (k-1) Ig - £,(z)az +

r
Zn Irj‘ lfj(z)dz 8 " (B21)

r=k4+l r-
Let
k
z £,(z) az= N
Jk-l J Jk
k (B22)
fs(z) dz= My
L-l J J
Then
2 Ig 2 i
B, =0 = ) a,, 8 (B23)
i Co =1 e
where

i n
k=1 C . r=k+l

If Cp = TIp =1 (constant oross section), then

i ‘ (k-1) ‘
gy = Ny = (k=1) My + E ; M B25S
137 ¢ 3 Jk Jk Y Jr ( )

Let

A= — (B26)
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Then
a .
A 91 =-E , “13 9J (B23a)
J=1
and the characteristic eguation is

where I 1s the identity matrix.

Bending., - The deflectlon at the station 1 due to the con=-
tinuous loading gy(z) on the beam will be given by

i Z
‘ (z-z,)(1-2.)
Ty = 54£ qb(z) J; 1 - L dz; dz +

n i
(Z'Zl)(i'zl)
54£ q.b(z) L 3 dz, dz (B28)

If B 1s assumed to have a constant value for each interval,
these integrals may be written as the sum of integrals over each
interval. Rquation (B28) then becomes

k
i
4 2 2
vy = 5= L 1j [Z_ - (k-1)z + £(k-1) ] a(z)dz -

k
\J;-l [é;—- %(k-l)zz + %(k-l)s] 9, (2) dz +

n . T
3 3
1J; [z - %—-(21:-1)] @ (2z) az tJ; [%(Zk-l)z - E——'—%ﬂ] ap(z) az

(B29)

By substituting the relation

aQo2T
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ap (2) = 0 m-gg; gy (z) vy (B30)

and by essuming a constant average value for m in each interval
and changlng the summation order

w2m054 n
7. = B.. ¥ (B31)
17 B 5 7H 7
whers
Bisg = 1 My (1P7 43-Q" 43c) + Z; m, [(i-k+—1-). N? +
J Z; By J J o il 2 Jr
K¥-(k-1)°  (2k-1
( = > ¢ = ) 4 M gy (B32)
k ' '
'y = 22 _ 1 Z‘J w
P = - \:—2— - (k-1) z + -2—(1:-1) gJ. (z) dz
k .
3
. z 1 2 1 3
Q Jk:L[:-l [-é— - E(k-l) z + .g(k-l) ] 'gj(z) dz g
k (B33)
N'JkE 1 2.8, (z) dz
M'JkEE1 g, (z) dz -

For a uniform beam, m = B, = 1 and equation (B32) becomes
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) a _
1
8 .=21: (19' Q! 3 + {(1-k+ ) N'.. +
U= JET Jk r=ZkJ|,‘1 g’ T
K-(k-1)3  (2k-1) })
[ 3 - 1M Ir . (B322)
Let
= w254m0 (B34)
then the characteristic equation becomes
[Bij]-?\I =0 (B35)

where I ia the identity matrix and [ﬁij] 1s the dynamical matrix.
In expanded form, equation (B35) becomss

Bir-A Bz ++ - Byip
Ba1 Baa=d + = = Ban | _ (B352)
Bnl an e o Bnn-7\

q
where A 18 a latent root of the metrix [Bi.‘]

Coupled bending-torsion vibrations. - The deflections at the
station 1 are given as before by equations (B1S) and (B28). The
loading functions g and g@p &re changed, as follows:

q_,c(z) - 0’ [I 6(z) + 8 y(z):l

(B38)
2(2) = [3 6(z) +m 3(2)]

992t
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If these two equations are substituted into equations (B19)
and (B28) and the integrations are performed as previously, the
following relation 1s obtained:

n

w2m054; ( . >\
8s = Ta; s 64 + €l ~d
17 75, ZM 13 83 * €T71y 72

2 4
vy @°my8 ( y3>
— 531 83 + Bgsg —<=
ro By §=l 1 Yry) )

where o34 and Byy are given in equationms (B24) and (B32) and

(B37)

2
€ = ro
= Tz
rgo
' = L E&
8¢ Colg
o Lols w, - (k-1)S, MY, + SM']
137 &3 G Lk & L s R
L | yn, o
°13°% =i Bk SkEL Pk Q'jk]+ T=ELL °r [(i-khz) ar

3
(ks‘(%-l) } 21;-1 1) MJI]} (B38)

wherse

L _% - (k-1)z + %(k-l)z] £y (2) dz

3
Q= J:: L% - %(k-l)zz + ;-'(k-l)3] £y (z) dz

1

ij
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the determinantal equation therefore is

AT - ["Lﬂ

where [’qi ﬂ is the dynemical matrix, the elements of which are

as indicated in equation (B37). l-_ni,j is seen to be 2 2n X 2n .
matrix.

= 0

| gg2t
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APPENDIX C

QUADRATIC FORMULA FOR FIRST COUPLED MODE
If only the first vibrational mode is desired, it is possible
to obtain this mods approximately by coupling together the funda-
mental uncoupled bending mode with the funiamental uncoupled tor-
sional mode to obtain a simple quadratic equation for the first
coupled frequency. This equation is valid when the coupling coef-
filclent ¢ 1s constant along the beam. The differential equa-

tions obtained by coupling the fundamental uncoupled 'borsiona.l mode
wlth the fundamental uncoupled bending mode are:

my + S6 + mwb y=0
(c1)
SY + I8 + %6 = 0
where
m mass per unit length of beam, function of =z
S s.ta.tic mess unbalance, function of =z
I mass moment of inertia about elastic axis, function of =z
Wy, frequency of uncoupled funiemental bending mode
wt frequency of uncoupled fundamental torsional mode
.o denotes differentiation twice with respect to time
These equations lead to a guadratic eguation in the freguency

ratio Q wvhose solution for the lowest frequency, provided € is
consta.nt along the beam, is

©w? 1. 47(1-¢€)
= e T TV (1-7)2} (c2)

Q freguency ratio, (w/wy)?

where

7 uncoupled frequency ratio, (/)2
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€ ocoupling coefficient, (r/rs) 2

This guadratic has been plotted in figure 4 for valuwes of ¢
ranging from O to 1 and values of 7 = @i/w)2 from 1 to 100.

9921
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AFPENDIX D -

41

EXACT SOLUTION FOR COUFLED BENDING-TORSION VIBRATIONS OF

UNIFORM CANTILEVER BEAM

The differehtlal equations for the equilibrium of an element
of a beam vibrating in coupled bendling-torsion vibrations can be

put in the following dimensionless form:

d.4'-Y1 m24 2 m7,4 2 B
4 1 2
dx B B >

a2y, 112 0? 112 o 1
—— g = § — - —
dx2 c 1 C 2 Y,

where
I = y/r

= distance from root
1

¢ = (r/rg)z
now

cy4B
mi

where

Cy = 12.36
C5 = 2.467

Equations (D1) become

(1)
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where

Let

Then
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(p2)

ay,
dx 5 g
d¥,

dx .

(D3)

—_— Q Y
ax 04 (Yl+ 2 )

d¥g °sQ
E = e —;—(GY1+YZ)

-

Equations (D3) can be written as the single matrix equation

9921
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v, ] | o o 1 0 o of [y
Y, 0 0 0 0 0 1| ¥,
Y5 0 0 0 1 0 0} |¥g
d
S ¥, | = 0 o o0 0 1 of |¥
ax 4 4 (p4)
Y5 cafl o2 0 O O O g
Yg -ecsfl -c5 0 0 0 O Y
— aad l— 7 7 i -
or
ay
= = AY (p4a)

where Y and A are the matrices indicated.

The solution to the matrix equation (D4) is given by
Y = ofF ¥, (D5)
where YO is a column of arblirary constants.

From the boundary conditions

at x =0 Y18Y2=Y380

x =1 YéﬂYSBYGBO

Y, = = i _1
o = Y(0) 8
0

17,(0)
¥5(0)
Y. (0
Ls( )

If then Qi 3 is an element of the matrizant eA, the boundary
conditions glve
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Q44 Q45 Q 48
Q54 Q55 Qs6 |= 0 (D6)
Qs = Q65 Q66

Equation (D8) 1s the frequency eguation. It has an infinite num-
ber of roots for .

In order to determine the elements (144, o® must be evalu-
ated. Use will be made of Sylvester's theorem (reference 13).

The A matrix of A 1s

[ - 0 1 0 0 o |
0 - o 0 0 1
0 0 ~A 1 0 0
0 0 0] -A 1 0
Y o £2 0 0 -\ 0
cek? el 0 0 0 -A
-— -
7 4 -
The cheracteristic equation A(A) = 0 is
N S%Q }\4- 049 }\2 - (1-¢) 04059; = 0 (D7)

Equation (D7) 1s a cubic equation in ?\2. Let the roots be
Ay A Az g Ag Ay
Then by the confluent form of Sylvester's theorem

A 1 alag-p) e F(A) (08)

T i MTag-1) g Nogon | IT
=1 [(21-1) g (oo k"i(x-}‘k)a’kk=)\i

&

9921
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where F(}) 1s the adjoint matrix, r is the mmber of distinct roots, amd ay 1s the nmlti-
plicity of the i'® root.

If the roots are all distinot, this relation becomes

N Zﬁ; eM P(A;) - o7 P(-\) (09)
a" = D
a1 P o (g-Ny) (Agehy)
3
whers adjolnt metrix F(\) is glven by
_ o .
5% 3 4 %82 2 3 65 2 D
A +"T A 0‘07\ A +T A A .pT?\ 7\2+35-7-; c‘Q
Q.3 5 el o esid 050 4
~605 N A0 LN -« N Sarat) - N-c,fd
o s { Q
c4m?+(l-e)0405%. 04073 Asﬁ%- A 7\4-50%0 7\2 )‘Ei-.o%',\ csFA
O = - 2 a? a Q
0 2 .. -\°4% 5% 3 4 %" 2
0407?+(1-:)c405~; A 049755 %ﬂ?« +(1-€) 5 P NE ! > A A +-T-A u*ﬂf'
04m4+(1-¢)c405‘3.57\2 040?@' 0‘07\34-(1- 5)0_4%.5{12_7\ oé]#+(l-e)i‘.‘;§f}2 A5+:3_ﬂ A3 0407\3
2 ) .
cogld 4 olld 04083 C5 3 ofl , o} 5
-—7—- A --'T—-i\-!-(l-s)—,-;—- -C-_’— N -€'—7- A -ETA A ""lﬂ?\
(p10)

S8TZ BL VOVH

S¥
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From eguations

be glven by

Quq =
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(D9) end (D10), the elemsnts Qid are seen to

Q

1=1 Ay 11 (g

>

1=l

44

T o

(&}

i=

i=

1

3

i=

1

0497\ 12

049)\12 +

I

CqC

2 _
-7\J )

53

(1-¢€)

Agro(az° -7\J )

31

II 2 2

~€c Q?\

sy 1

A (Ay2742)

‘egs% A1

cosh }\1

)\i II (}\12_

I
7\14-0 Q

4

N2

cosh )\i

II

J

#1

(Ag2-77)

cosh 7\1

sinh 7\1

%

99¢T
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The value of the determinant in equation (D6) must be plotted
agalnst the frequency; the value of the freguency for which this
determinant becomes zero is thereby obtained. This procedure
involves first solving the cubic equation (D7) for each assumed
value of frequency parameter and then calculating the elements of the
determinant from equations (D1l). The process 1s evidently long

and laborious.
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TABLE I - STATION NUMEBEERS

n=1

k 1
M|z g '
N 2

12

d E
2 %
e 5
N %%

TABLE II - STATION NUMBERS

n =2

1l 2

" 11 5

= )

8 8

N T 15
P 0,183333 0,025000
Q « 046032 029365
Mt «536364 «627273
Nt « 367100 «851948
bt e 137933 0587985
Q! .036616 +069733

M .13 29

5 =

X .31 239

540 250
P «0,037500 0.143750
Q. -,008135 «181448
M -, 080795 448674
Nt -,034875 «758685
pt -,011252 «118462
Qr -,.002614 «150415
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TABIE III - STATION NUMBERS
=3
1l 2 3
M 0.950000 0.450000 -0 .050000
N « 545833 « 587500 -.120833
P «186310 032143 -+005357
Q «046577 «038244 -.011756
M «596268 « 533205 -.097426
Nt « 399646 708205 ~e209994
Pt «148013 «042 560 -.012798
Qr .038884 «050843 ~.028318
M -0,525000 0.725000 0.475000
N -.241667 1.175000 1.091667
P -,068452 «160714 031548
Q -.014583 «202083 068750
M? -.149356 «602896 «625418
N! -.083406 « 994860 1.475153
pt -,026378 «143948 057937
Q! -.006034 181698 « 127659
M 0.235185 -0.155704 0.568519
N 106019 -.231944 1.513426
P 029563 -.,023677 « 139749
Q 006222 -.028963 316408
M! 040630 -.,072928 «445812
N? 022325 -.111744 1.,200133
pt «006972 -.012081 « 118007
Q! «001579 -,014830 «267865
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TABLE IV - STAPION NUMBERS

n=4
i«
N 1 2 3 4
M 1 1.022222 0.429630 -0,051852 0.,022222
N « 576455 « 557937 -.127249 « 076455
P «194478 . 029597 -.006581 002612
Q «048240 +035167 -.014547 008359
Mt «623188. +«511882 -.082801 «042276
Nt «413738 «676680 -,203719 « 146954
Pt « 152256 «039616 -,010651 «005795
Qt .039818 047267 -,023551 .018630
M 2 =Q,647917 0.747917 " 0.518750 -0.08541%7
N =,292857 1.207143 1.207143 -.292857
P -,081920 « 163021 «041295 -,009598
Q -.017295 «204828 «090642 -,030688
M!? -.211987 «667412 ° « 544025 -,112648
Nt -.116662 1.091462 1.269193 -.390585
bt =-,036502 «153469 «044508 -,015000
Qe -,008281 «193310 097745 -.048203
M 3 0.522222 -0,255556 0.833333 0.522222
N « 229365 -.381746 1.673810 1.729365
P 062798 -,037401 «148512 + 037202
Q « 013040 -.045624 « 335791 « 118397
M! « 122052 -.166738 + 582158 «643846
Nt «065879 -,252823 1.545802 2.164827
P! «020304 -, 026235 «140822 080554
Q! «004551 =-.032114 « 318707 194016
M 4 -0,221701 0.094850 =0,105961 0.543924
N -,096544 « 140724 -,267841 1.997206
P -.,02626%7 «013391 - 017322 136803
Q -.,005428 «016301 -~ 038574 « 446729
Mt -.035456 042628 -064723 «438962
in -,019023 .064205 -, 184169 1.622066
Py -.005836 006481 -,010869 « 117037
Qr -.001303 «007917 -,024222 « 382752

NACGA
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TABLE V - STATION NUMBERS

NACA TN 2185

=5
1 2 3 4 5
M 1.097991 0,408755 -0.040898 0.019866 -0,013120
N « 608222 « 527493 -,100112 069159 ~-.058445
P «202887 «026908 -,005074 002778 -,001627
Q »049943 .031910 -.011210 008927 «,006836
M? «649902 «492141 -, 070298 +034939 -, 024007
Nt +427616 +6473530 -,172488 «121519 =-,107639
P «156411 036908 -,008903 «004824 -,003375
Qe «040729 «043977 -,019678 .015509 -,014228
M =-0,839550 0.799339 0.493783 -0,089550 0.,049339
N ' =.373049 1.282044 1.145470 -, 510549 «219544
P -,103119 «160599 2037352 -.011949 « 006007
Q -,021583 212792 «083245 -,0383598 .025243
M -,255330 «6992586 «523828 =-,099723 058134
Nt -,139170 1.138472 1.219101 -.345551 . 260447
P -,043239 «157833 «041704 -,013166 008078
Qt =-,009758 +198610 «091332 -,042209 +034055
M 0,.762798 -0.313591 0.851687 0.575298 -0.,126091
N «329315 -.465823 1.718204 1.923065 -.5569573
P .089079 -,044602 «150488 «049347 -.014691
Q .018334 -,064326 .340126 »157843 -,061893
Mt «197103 -.228783 «633812 « 573549 -.137821
Nt .105126 -¢344915 1.674943 1.916360 -.618234
bt .032113 ~-.034985 «148520 .048803 -.018600
Qr 007151 -,042759 « 335798 «156076 -, 078385
N =0,548214 0.187897 ~0.159325 0.576786 0.562897
N - 233780 276637 -.400446 2.109970 2.432887
P =-,062665 025479 -.024868 « 1404860 +042295
Q =-,012809 030950 -, 055302 .4568397 «177006
MY -.117990 «117132 -,1356452 « 557359 +664560
Nt -.,062435 .175188 -,344108 2.041363 2.9010646
pt -,018958 017186 -,021868 « 137234 063512
Q -,004201 020954 -.048664 «447980 « 267043
M 0.214238 ~0.,0639028 0.050904 =0,080137 0.525349
N «090928 ~-,101352 +127410 =-.283759 2.458356
P .024289 =-.009225 +Q07687 -,013845 « 134478
Q «004952 =-,011196 017031 -.044065 «573757
M 033722 -,031711 2032307 -,056459 «432107
Nt »017789 -,047311 +081140 -, 200039 2.030260
Bt .005389 -.004593 « 005002 ~-,009675 «116059
Qt +001192 -,005596 .0lll20 -.031249 «4966863
e NACA

S
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TABLE VI - STATLON NUMBERS
n=2=8
1 2 3 4 5 6
4 1.172073 0.381101 ~0,032371 0.013323 =0.010149 0.,008879
N +638800 «501856 -,078978 046300 -,045644 048522
P «210893 «024686 -.003894 «001823 ~-.001498 «001143
Q +0515651 «029221 -.008595 +005860 -.006322 005949
Mt 676394 «474177 ~-,059128 .026582 -.018685 .015649
N «441269 +621067 -.144759 082370 -,083901 +085903
Pt «160476 0034473 =,007337 .003631 -,002691 002241
W «041616 «041021 ~=,016206 011674 -.011350 +011694
M -1.066598 0.853106 0.468124 -0,070505 0,044513 -0.035782
N -.466718 1,360105 1,081883 -.244062 199948 ~.195451
P -+ 127634 »176358 «0354411 -.009203 «0064L2 =-.004561
Q =-.026506 «220969 +075401 -+029565 027216 =-.023740
M -,303948 731981 « 503742 -.085145 049793 -.038661
Nt -,164215 1,186681 1.169252 -.204736 223322 -,212149
Pt -,0506892 +162263 038896 «.011103 +007043 -.005503
Qr -,011384 «203987 085309 «.035665 029701 -,028708
¢ 1.150684 -0,404200 0.693794 0.546418 =0,133366 0.089627
)4 489124 -, 597206 1.822457 1.822457 -. 597296 4889124
P «130870 -,055956 156259 « 045293 -.018484 «011225
Q «026719 =,068060 «352909 +144808 =, 077925 058410
M «267118 -,275585 «862166 « 553477 -.126314 .083246
¥ 141177 -.413819 1.7452886 1.846431 -+ 564890 «4 56509
Pt «042839 -.041308 «152473 045980 =-.017100 +011713
Q 009490 =-.050434 « 344568 146998 =-.072063 «061097
)¢ =0.930985 0.273028 =0,194854 0.592473 0.624591 ~0,171416
N =+390902 «389897 -.488124 2.163786 2.720209 -s 933437
P -+ 103635 «036020 -.,028594 142229 .056698 -.020561
Q -.021011 +«043690 -.065761 «464052 «238215 =-+106938
M =.210538 «182830 -,180822 «598464 «604424 -.166643
Nt =-+110263 271857 -.454522 2.185427 2.628772 -,912352
Pt =-.033225 +026154 -,028221 «143453 «053359 -.022768
Qr =-.007320 +031846 =-,062753 468015 «224100 -,118729
M 0.581796 =0,156399 0.,092907 -0.,111964 0.537351 0,.599157
N «242612 -.228221 «231801 ~.394888 2.509279 3.194001
P «063996 =-.020218 «013474 -,018261 134578 «046991
Q «0129256 -,024496 .029886 =-,058920 +«574036 «243745
M: 120308 -,097119 «081568 ~+110987 « 535339 « 685021
Nt 082735 -,144101 204039 - 391731 2.499695 3.678582
Pt 018841 -,013674 012212 -.018226 « 133988 086470
Q! «004140 =,016634 027119 -,058815 «B71521 345988
M -0,209220 0.054246 -0,030239 0.031561 ~0.064035 0.510543
N -,086982 +079042 -,075223 - 110987 -,291427 2.902746
P -.022893 +006957 -.004323 «004969 -,011243 «132660
Q -.0046186 +008425 -,009587 «016022 - 047575 «698254
M1 -.033141 +025961 -,0205886 «024431 -, 049677 «425817
Nt -.017248 +038471 =,051417 «085977 -.,2256999 2. 427820
Pt -,005173 «003631 -.003042 +003877 -.008876 «115150
Qe -.001135 «004415 =-,008753 «012502 -.036708 «606979




TABLE VII - STATION NUMBER3

NACA TN 2185

=7

1 2 3 4 5 8 « T
M 1.243487 0,376396 =0.026266 0.009112 0, 005896 0.006025 -0.006513
K 567840 «480802 -.06388¢9 031590 -.026481 033195 =-.042160
4 «218418 .022882 =,003069 «001211 =+000853 0008256 =.000863
Q «053049 +027042 =-.008769 «003890 -,003599 «004829 -.Q0B35%"
»702228 «458303 -.050122 019989 -.012820 +011370 -.011099
454474 « 5977587 =-.122429 069352 =.067533 .062529 -.072080
«164382 032358 -.006088 002679 ~-.001831 001689 -.001614
«042465 0358456 -,013441 008611 =-,007724 008815 «010037
=1,521209 0.905437 0.446479 =0,055874 0.0268812 -0,027896 0.028701
=4 570270 1,4367350 1.028397 =4192270 «133730 -.153603 «185730
-.154452 « 182773 031489 =.007052 £ 004233 =.004239 «003780
=.03184%7 228718 .068952 -.022639 017855 -.022136 «OR5463
=.357636 «764868 «485193% =-.071708 038132 =.031029 028988
-.191650 1.234950 1.123273 -=.247832 «170920 =+170555 .18a216
-.058807 «166641 036328 =-,000168 0053468 ~+Q04 565 004199
-.013148 «209297 JO7962) =-.020438 22542 =-.023825 «026110
1.672922 «0.511106 CT37TIT 0.516672 -0.104856 0.08140%7 -0.077078
«701415 =-.751768 1.931046 1.718603 -.468956 448232 -.498585
»188835 =.080049 .162183 0409090 -,0142286 .Ql2lez =-.010056
Q37666 =.083877 «366024 «130958 -.089956 «063490 -.062408
« 3585047 -.329189 +692136 « 552099 =.10845¢ Q735511 - 063669
«1868093 -, 492459 1.819566 1.771836 -, 484584 «403671 -.413268
056122 =.048434 +156613 042913 -,014528 010624 ~.009166
012574 =-.059075 «353730 +137128 -,061218 055439 -.056987%7
-1,805312 0.409927 -0.250374 0.628063 0.592219 ~0.182666 0.144688
-, 664780 « 5976435 -.626274 2.291470 2,574726 =1.002357 835220
«, 174510 +052757 =-.037086 + 147488 .05198% -.026088 .018551
-,035122 .0683907 -.082279 480976 218352 =-.156173 115110
-.317567 247432 =4216700 «623577 » 584350 -,1567316 115706
~-.164812 » 366953 -.543417 2.273022 2.538682 -,861833 750618
=-.049381 2034761 -,035166 1470421 «050504 ~.021773 016464
=-.010826 042284 -.073708 479557 «212061 =-.113660 «102355
1.128029 ~0,264373 0.1345856 -0.136596 0.581252 0.868960 -0,220971
464328 ° -,3584008 «3343525 -.480673 2,570992 5.8895256 -1.425875
121269 -.033334 019010 -.021700 138202 063551 - 027154
024312 -.040333 «042147 -.06998) « 580855 «33070) =-.168426
234133 -.168109 .122950 ~-.143020 « 568683 634247 -.197770
«120971 -.248408 «306708 -.503685 2.649577 3.397336 ~1.281188
«036084 -.025166 «017683 -.022914 «130081 057851 -.027322
007887 -.02814¢9 059907 - 075907 + 563022 » 300912 -.169818
~0.617807 0.157401 ~0,064103 0,054068 =-0.084474 0.507772 0.652183
-.2529061 +199169 -.158887 +189539 -.38333) 2.883613 ° 4.007059
-.065852 2017129 -.008878 008211 =-.,014243 +130010 0813586
=-.013170 020712 -,019672 »026453 =-.060230 684756 «318021
-,125078 086131 -.058376 057414 =-.082005 «516450 704705
- 064447 « 127049 -.145338 .201491 - 417397 2.931074 4,491463
=-.019183 011759 =.008393 008826 =-.01l5450 «131)44 089349
-,004186 +014281 -.018618 028441 =, 086330 +690659 450362
0.205448 ~0.,044613 0,020059 -0,015852 0.021382 ~0.055078 0.498308
083943 =.084308 «049875 =-.055506 096798 =.295079 3,354066
.02181¢ =«Q0B533 «002756 - 002373 ~003481 -.009561 «130932
+«0043568 «. 006689 008106 -.Q007644 «014713 «,049981 820708
«0353023 =-.022307 «014842 -.013579 +018959 -.044216 «420133
«016993 -.032878 »056425 =-.04'7602 085721 -.245636 2.816717
Q08063 «,0030533 .002081 =-.Q02060 005074 0076854 .114318
001102 =-.003682 004837 =-.008838 012802 -.0410084 «T16958

- T\mACA "
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1]
TABLE VIII - STATION NUMEERS
n=§g
N 1 2 3 4 5 [
|2 1.312192 0.364019 -0,021820 0.006490 0.003081
¥ 695399 462793 -.052953 .022483 .016988
P 1226483 .021401 -1002485 000839 000434
Q +OB4447 . 58 «.005478 002894 002422
Xt 787233 2444367 015242 007088
Nt 487152 ETT362 -.104816 082769 .038935 -.048943 .062482
P! .168111 2030533 .00511% 002003 .001045 «,001145 001228
Q! 043271 ,036245 -.011204 008433 ~.008148 005456 -.007123 008863
¥ (2 | -1.800390 0.955663 0.428409 =0,045077 0.020351 -0,016189 0.019610 -0.024337
¥ -.682210 1.8507998 9840886 -.1583358 091123 -.088039 127790 -.182002
P -.183160 .188781 .020125 -.005650 002808 -.002412 .003082 ~.003269
Q -.057524 255968 063896 -.017807 .011838 -.01259% 019183 -.023705
M -.415706 797175 4688735 -.080778 028715 -.021414 .021627 -.023284
Nt -.221089 1.2682220 1.082551 -.209723 -.128859 -.117680 -.140886 ~.174 560
3 ~.067464 .170868 034087 -.007611 003953 -.003129 003272 -.003421
Qr -,015018 214419 074659 -.024428 018664 -.016330 020358 <= 024694
K3 2.337500 -0.630523 0.780389 0.491625 -0.082648 0.054514 -0.060500 0.071477
K 987933 -.923881 2,056185 1.631308 -.568956 +298530 -.394087 « 534419
P 254178 -.083331 .16779¢ 037442 -.010888 .007976 ~.005418 009602
Q .0S1181 -.101109 378439 .119846 -.045861 041626 -.088608 0692068
Xt .462586 -.568839 722423 .512112 ~.091426 056807 -.052489 054058
Nt 240602 -.879788 1.864496 1,708145 -.4081 310711 -.541167 405216
Pt .072148 ~.056240 .160734 +040089 -.012018 008120 ~.007864 007911
Q* .015838 -.0B8535 362854 127977 -.050617 042389 -.048918 087107
M |4 | -2.e30070 0.593584 -0,3516718 0.687195 0.558819 | . -0.143453 0.132430 ~0.143916
X ~1,075644 861856 -.786292 2,424356 2.424386 ~.786282 861856 -1,075644
P ~.279880 074709 -.045646 .152881 046981 -.020073 -.019182
Q -.055949 090302 -.101283 498324 197214 -.104712 .126011 -.138032
ut -+ 486670 320868 -.258283 850770 .§61568 -.155711 .104892 -.100183
Nt -.240468 487550 ~.646308 2.367821 £2.4363548 ~ 743106 +681473 -. 760848
Pt -.071601 045534 -.038818 180902 +047159 -.018614 2015449 -.014572
Qr -.015627 .0BE357 -.086223 .49188) .197950 =.097078 096084 -.108178
X |5 2.192995 ~0.454018 0.201514 -0,175130 0.684107 0.6333589 ~0.237005 0.215982
X 890699 -.656778 499217 -.614926 2.718847 3.393502 -3, 639301 1.613222| ¢
P 230544 -.056975 027793 -.027154 +111097 .058226 -.034728 .0282
Q 048912 -.067648 .081 ~.087460 .601511 302906 -.215987 +203600
at 389428 - 283524 «168704 -.170613 591124 614158 -.191508 155413
xt .199636 - 375346 412443 -.599887 2.750891 3.2687044 ~1,241724 1.164103
Pt .059201 -.034316 023783 -.026822 2142374 054969 -.027027 022340
Qr .012882 -.041657 052749 -.086477 606915 285874 ~.168026 161336
M |e | -1.350288 0.265559 -0.108064 0.078182 -0.102878 0.520374 0.709714 =0.274441
X ~. 546005 383370 -.267117 273370 -.466008 2.952258 4,.523595 -2,046630
P -.140865 032367 -.014611 011568 ~.016907 +131625 070024 -.034431
Q -.027983 .039093 -.032351 0372 -.071468 .892634 434540 -.248035
Nt -.263362 163432 -.098083 .084198 ~.115917 .543778 -.230699
ur -.134575 240102 -.243800 294807 -. 526024 3.081€87 £.216400 -1.728908
Pt -.039810 .021885 -.013810 012656 ~.019020 136367 08221 -.032195
Qs -,008646 .026552 -.0350611 +040765 -.080395 712714 385904 -.232314
¥ |7 0.654484 -0,124395 0.048081 -0.031858 0,034801 -0.086820 0.484484 0.662747
X 263837 -.179548 .118708 -.111352 157170 -.370670 3.230551 4,867795
P .087914 -.015052 2006430 -.004626 JOB472 -.011570 126311 055545
Q 013468 -.018172 014232 ~.014889 .023114 -.080517 791745 599381
¥ +130845 -.078057 045388 -.036054 .041862 -.077799 723527
"t Q66785 -.116059 .112606 -.126108 189085 -.431248 5.541811 5.337321
P1 019727 -.010524 006331 -.005328 006593 -.013324 128649 072134
Q! +004280 -.012763 014029 ~.017166 027846 -.069680 .808281 518815
X |g8°| -0.202¢414 0.037821 ~0,014268 0.009104 -0,009307 0.018388 -0.045167 0.487926
X -.081470 054494 -.035205 031774 -.041992 .086181 -.296574 3.754721
P ~.020047 +004560 -.001898 .001312 =.001443 002875 -.008284 .129620
Q =.004150 005504 +,004201 004221 -.006093 013452 -.0851711 942457
Mt -.033107 .019722 -.011093 .008627 -.009326 015058 -.039785 414996
xn -.016869 028037 -.027507 029809 -.042089 083310 -.260893 3.198326
Pt -.004979 002818 -.001841 .001282 -.001450 .002405 -.007173 +113858
Qs -.001080 003174 -.003414 004029 -.006122 .013054 -.044710 828780




TABLE IX ~ COMPARISON OF RESULTS

Toraion Bending Goupgl.ed.
Tuniber 1 T1 128 [mgt| et [md | [ng m tt
of 0, 0~ 1 0 Jg—-m Ol 4! 0 © w, o
Stations Col 2V G 3V Co{ Ly Bg| 2\ By By Bg "Bg | 2\ By
Stetion-Functlion Method
1 1.549 3.493 3.46
2 1.571 4.526 3.516 21.71 3.48 19.7
3 1.571 4,689 7.502 3.516 22.04 80.20 3.48 20.6 48,2
Wolghted influence coeffliclents
2 1.575 5.38 3.58 15.83
4 1.571 4.73 3.52 22.80
Bxact theoretioal value
1.571 4.712 7.854 3.516 22.04 81,70 3,49 20.6 49,1
TABLE X - STATIONS REQUIRED FCR SATISFACTORY ACCURACY
Torsion Bending
2 2 '] 4 L 4
01 Iol Iol mo.l'. mOI m.ol
Method —_— —— W —n D1 | o W — —
! %o “1% N D 213 | )%
Station
1 3 4 2
functiony ! °
Welghted
influence 2 4 3 6
coefficients
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FPigure 1. -~ Cantilever beam with n statlons.
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(b) Torsional vibrations; first mode, n = 2.
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(¢c) Torsional vibrations; second mode, n = 2,
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(d) Torsional vibrations; first mode, n = 3.
Figure 2. .- Comparison of theoretical mode shapes wilth

mode shapes obtained by taking n stations along the
beam for torsional vidrations.
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(f) Torsional vibrations; third mode, n = 3..
Flgure 2. -« Concluded. Comparison of theoretical mode

shapes with mode shapes obtained by taking n stations
along the beam for torsional vibrations.
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(d) Bending vivbrations; first mode, n = 3.

Figure 3. - Comparison of theoretical mode shapes with
mode shapes obtained by taking n stations along the
beam for bending vibrations.
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(e) Bending vibrations; second mode, n = 3.
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(f) Bending vidbrations; third mode, n = 3.

Figure 3. - Concluded. Comﬁarison of theoretical mode
shapes with mode shapes obtained by taking n sta-
tlions along the beam for bending vibratlons.
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Pigure 4. - Varilation of frequency ratio £ with coupling
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